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Abstract. We analyze the behavior of the trace of the resolvent of an ellip- 
tic cone differential operator as the spectral parameter tends to infinity. The 
resolvent splits into two components, one associated with the minimal exten- 
sion of the operator, and another, of finite rank, depending on the particular 
choice of domain. We give a full asymptotic expansion of the first compo- 
nent and expand the component of finite rank in the case where the domain 
is stationary. The results make use, and develop further, our previous investi- 
gations on the analytic and geometric structure of the resolvent. The analysis 
of nonstationary domains, considerably more intricate, is pursued elsewhere. 



1. Introduction 

The present paper is the first of two devoted to the asymptotic expansion of traces 
of the resolvent as the spectral parameter increases radially, and its consequences 
for the heat trace and the (^-functions for general elliptic cone operators acting on 
sections of a vector bundle E ^ M over a compact n-dimensional manifold with 
boundary. 

Let A be a closed sector in C and let A e x^™ Diff™(M ; E), m > 0, see Section^ 
Let Vhe a domain for A acting in x'^Ll{M; E), 7 e R, and assume that the natural 
ray conditions on its symbols with respect to A, as discussed in [1^, are satisfied. 
Then A is a sector of minimal growth for the extension A-p, and for ^ G N sufficiently 
large, {Ax> — X)~^ is an analytic family of trace class operators. 

Our aim here and in [M] is to prove that Ti-{Ax> ~ X)^^ admits a complete 
asymptotic expansion as |A| — *■ 00 and to exhibit its generic structure. In this paper 
we lay the necessary foundations to achieve this goal, and treat in full generality 
the following special case: 

Theorem 1.1. Suppose T) is stationary in the sense of Definition \2. 16[ Then, for 
any (p G C°°(M; End{E)) and ieN with ml > n, 

00 rrlj 

TT{ip{Av - X)-'^) -^^Yl "jfe-^"^^^ log'' A as \X\ 00, 

j=0 fc=0 

with a suitable branch of the logarithm, with constants Ujk G C. The numbers ruj 
vanish for j < n, and to„ < 1. In general, the ajk depend on Lp, A, T>, and £, but 
the coefficients Oijk for j < n and an.i do not depend on T>. If both A and ip have 
coefficients independent of x near dM, then ruj = for all j > n. 
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The meaning of being "independent of a;" near the boundary is explained in 
Definition 12.41 and Remark 12.51 

The special case of the theorem when V = P^in = x^/^^jm^^; E) was proved 
by Loya [23] . A direct application of our theorem gives the complete short time 
asymptotics of the heat trace when Axi is sectorial, 

oo oc 

Tv{ipe~*-^'^) ^ ^ a^t^ + X! X! "-J*^*" t as t -> 0+. 
i=o i=o fc=0 

In the aforementioned special case, this expansion was obtained by Loya |23| and 
by Gil [9l [10] . Lesch f22^ obtained a complete expansion of the heat trace in the 
case of positive selfadjoint extensions with stationary domain assuming that the 
coefficients are independent of x near the boundary of ill. For a general positive 
selfadjoint extension Lesch, op.cit., obtained the partial expansion 

n-1 

Tr(e-*^) - ajt"^ + O(logi) as t 0+. 

3=0 

If P is nonstationary, not necessarily selfadjoint, the work presented in this paper 
gives the partial expansion 

n-1 

Tt{v{Av - Xy') ^ ^i.oX^-' + ans\~' log A + 0{\\\-') 

3=0 

as |A| —> oo. This implies 

n-1 

Tr((^e~*'^^ ) ~ ^ fljt ^ + a„,i log i + 0(1) as i ^ 0+ 

3=0 

if A-p is sectorial. As mentioned before, a complete asymptotic expansion of the 
resolvent and the heat trace for nonstationary domains will be discussed in |14j . 

Another consequence of Theorem 1 1.1 1 is that, if A is bounded from below on the 
minimal domain, then the (^-function of any selfadjoint extension with stationary 
domain (e.g. the Friedrichs extension) has a meromorphic extension to all of C 
with poles contained in the set 

l^ifceNoj. (1.2) 

An example worked out by Falomir, Pisani, and Wipf [5] (an ODE on a half- 
line) yielded a C-function extending meromorphically to all of C but exhibiting 
additional poles at points not in the set l|1.2p . The problem was taken up again by 
Falomir, Muschietti, Pisani, and Seeley [7], this time analyzing a first order system 
of ODEs on an interval, then for partial differential operators of Laplace type (with 
coefficients independent of x) by Kirsten, Loya, and Park ^JM 1^ : their work 
shows that there may be logarithmic singularities of the ^-function that impede its 
meromorphic extension to all of C. Our results show that these pathologies arise 
only when the domain is nonstationary. 

Conic metrics are typical examples of incomplete Riemannian metrics, so the 
corresponding Laplacians typically admit many selfadjoint extensions in x'^L^. Ever 
since Cheeger's seminal paper [5], the predominant method used in the spectral 
theory of these extensions has been a separation of variables ansatz, together with 



TRACE EXPANSIONS FOR ELLIPTIC CONE OPERATORS 



3 



a pasting argument away from the singularities. While Cheeger's results have been 
extended and generalized to various classes of operators, see e.g. [TJ [21 |3l IH [6l [7l 

[57] , the method of separation of variables (combined with sophisticated ODE 
techniques and special functions) has remained at the core of and has limited almost 
all subsequent investigations in the field. For instance, the heat kernel and C~ 
function of an arbitrary selfadjoint extension of Awarped, cf. Section [21 are to this 
day not understood, except for the Friedrichs extension, see [21 [21 [TOl [221 [23] . 

In this paper we make use of, and extend, the analytic and geometric methods 
developed in TTllT^llin]. Our results can be applied to selfadjoint and nonselfadjoint 
extensions of Awarped, and more generally, to extensions of Acg on functions as well 
as on (c-)forms, see Section [21 In fact, the statements of Theorem 11.11 are valid 
particularly for the Friedrichs extension of any semibounded cone operator. 

The structure of the paper is as follows. In the next section we will set up the 
terminology and will review some facts about cone operators, their symbols, and 
their closed extensions in a reference weighted space modeled by the underlying 
cone geometry. We will discuss specific examples of Laplacians associated with a 
cone metric and will use them to illustrate the notion of coefficients independent of 
X near the boundary. We will also review the model operator, its scaling properties, 
the associated domain, and the concept of being stationary. 

In Section [3] we review the structure of the resolvent and describe its various 
components according to the decomposition 

(Av-X)-^ =B{X)+Gv{X) 

given in Theorem l3.1l In that section we also summarize the proof of our main result 
which is then carried out in the subsequent sections. In Section [4] we obtain the 
trace asymptotics associated with -B(A), and in Section[5]we discuss the asymptotic 
properties of G-d{X). 

2. Preliminaries 

Cone operators arise when studying partial differential equations on manifolds 
with conical singularities. By introducing spherical coordinates centered at the sin- 
gularities, the equations exhibit a typical degeneracy in the radial variable. Topo- 
logically, a manifold with conical singularities can be realized as a quotient M/^ 
of a smooth compact n-manifold M with boundary Y ~ DM with respect to an 
equivalence relation that collapses boundary components to points. Both geometric 
and analytic investigations associated with such a configuration actually take place 
on the manifold M. 

Cone geometry. The natural framework for cone geometry is the c-cotangent 
bundle 

% : '=T*M ^ M, (2.1) 

see [11] , a vector bundle whose space of smooth sections is in one-to-one correspon- 
dence with that consisting of all smooth 1-forms on M that are conormal to Y, i.e., 
all uj € C°° {M,T* M) whose puUback to Y vanishes. The isomorphism is given by 
a bundle homomorphism 

^ev : ''T*M -> T*M (2.2) 

o 

which is an isomorphism over M. In coordinates {x,yi, . . . , Un-i) near the bound- 
ary, where a; is a defining function for Y , a local frame for '^T*M is given by the 
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sections mapped by "^ev to the forms dx, xdyi, . . . , xdyn-i- As is customary in the 
context of analysis on manifolds with singularities, the boundary defining function 
X is always assumed to be positive in M . 

By a c-metric we mean any metric on the dual of '^T* M . Such a metric induces 
(via the homomorphism (j2.2[) ') a Riemannian metric '^g on M . In coordinates near 
the boundary as in the previous paragraph, '^g is represented as a smooth symmetric 
2-cotensor 

n — 1 n — 1 n — 1 

°5 = .900 dx ® dx + goj dx (g) xdyj + 5^0 xdyi ® dx + gij xdyi ® xdyj ; 

j = l 1=1 ij = l 

the matrix {gij) depends smoothly on {x,y) and is positive definite up to x = 0. 

Special cases of c-metrics are warped and straight cone metrics. A warped cone 
metric is a Riemannian metric on M such that there is a diffeomorphism of a 
neighborhood [/ of F in M to [0, e) x F under which the metric takes on the form 
dx"^ + x'^gY{x) for a family of metrics gvix) on Y which is smooth up to a; = 0; 
here x is of course the variable in [0, e). If the diffeomorphism is such that gvix) 
is in fact independent of x for small e, then '^g is a straight cone metric. The study 
of spectral theory on manifolds equipped with straight cone metrics was initiated 
in Cheeger's paper [S]. 

In coordinates near the boundary, the positive Laplacian on functions corre- 
sponding to a general c-metric '^g takes the form 

k+\a\<2 

with coefficients smooth up to a; = 0. In particular, for a straight cone metric, 
Astraight = x^'^(^{xDxf - i{n - 2){xDx) + A^^^, 

and for a warped cone metric, 

Awarpcd = x^^(^{xDxf - a{x,y){xDx) + Ag^(^)^, 

where a{x,y) = i((rt — 2) -f- \gYix)\~^/^xdx\gYix)\^^^) ■ Notice that, unlike these 
two special cases, the general Laplacian Acg may contain mixed derivatives with 
respect to x and the variables j/i, . . . , 

Cone operators. Let E — + AI be a smooth vector bundle. A cone differential 
operator of order m on sections of E is an element A of Diff™(Af ; S), where 
Diff™(M; E) is the space of totally characteristic differential operators of order m, 
see [55]. Thus A is a linear differential operator on C°°{AI ;E), of order m, which 
near any point in Y, in coordinates as above, is of the form 

A = aka{x,y){xDx)''D'^ (2.3) 

/i:+|a| <rn 

with coefficients aka smooth up to a; = 0. 

Definition 2.4. We say that A has coefficients independent of x near Y if there 
is a diffeomorphism $ of a neighborhood t/ of y in M to F x [0, e) such that with 
the canonical projection n : Y x [Q,e) ^ Y, with x the variable on [0, e), and 
with some isomorphism E\ij 7r*(£'|Y) covering <I> we have A = x~"^ ^ Ai{xDxY 
where Ag G Diff™~^(r; £;|y). 
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Having coefficients independent of x means in effect that A can be analyzed near 
the boundary using separation of variables. According to this definition, Astraight 
has coefficients independent of x near Y . In general, this is not the case for Awaipcd- 

Remark 2.5. An element ip £ C°°(M; End(i?)) can be viewed as a differential 
operator of order 0, so the definition above may be applied to such (p. In the last 
assertion of Theorem 11.11 we mean that A and ip have coefficients independent of x 
near Y with respect to the same trivialization. 

The standard principal symbol of A over the interior determines, with the aid 
of the map '^ev in (12. 2p . a smooth homomorphism '^ti*E '^tt*E. This is the 
c-principal symbol '^a{A) of A. In local coordinates near Y , 

k-\-\a\—m 

The operator A is said to be c-elliptic if '^o-(^) is invertible on '^T*M\0. 
Associated with A = a;~™P there is an operator-valued family 

C3(J^ P{a) e Diff™(y; E\y), 

which in accordance to (|2.3p can be represented as 

fc+|a| <m 

and is called the conormal symbol of A (or of P). li A is c-elliptic, then P{a) is 
invertible for all cr G C except a discrete set 

speCf,(A) = |(T e C : P{a) is not invertiblej 

called the boundary spectrum of A, see |26) . 

Closed extensions and Fredholmness. Let be a vector bundle over M. Then 
'^L'^{M; E) is the space of sections of E with respect to some Hermitian metric 
on E and the Riemannian density determined by some c- metric on M . The space 
and its (locally convex) topology are independent of the choice of Hermitian metric 
and Riemannian density, but of course if selfadjointess is of interest then these 
metrics are fixed. 

The density induced by a c- metric is of the form x"^^m for a smooth positive 
density m on M, where n = dimAf. In other words, 

''L^{M;E) = x~"/^Ll{M;E), 

where Ll{M;E) is the space with respect to the ^-density ^m, see 

The starting point of the analysis of A is the densely defined unbounded operator 

A : C^{M; E) C x^LKM; E) x^LKM; E) (2.6) 

for some /i e M. One may assume (as we will here) that /i = — m/2, since this situ- 
ation can be attained by replacing A with ^-^-^/^A x'^+'^Z^ g Diff;,"(Af; £;). 
This particular choice of weight has technical advantages when dealing with ad- 
joints, see [16 . 

There are two canonical closed extensions of A: 

2^min — domain of the closure of (|2.6p . 

^?max = e x-''''^Ll{M;E) : Au e x-^'^ Ll{M- E)] . 



6 



JUAN B. GIL, THOMAS KRAINER, AND GERARDO A. MENDOZA 



These are complete with respect to the graph norm, = ||m|| + and the 

former is a subspace of the latter. Both domains are dense in a;^™/^L^(A/; E). The 
following theorem implies that if A is c-elliptic, then any intermediate space V 

^inin C ^ ^ ^max ; 

gives rise to a closed extension 

: 2? C x-"'/'^Ll{M-E) x-""'"^ LI{M; E). 
Theorem 2.7 (Lesch If A e a;"™ Difr™(Af; is c-elHpUc, then 

dimPmax/I'min < OO 

and all closed extensions of A are Fredholm. Moreover, 

ind A-D = ind + dimP/Pmin- (2.8) 

More details about the structure of domains will be given below. 

The model operator. The model operator of an element A e a;^'" DifF™(Af; i?) 
is an invariantly defined operator A/\ on the half line bundle tt : Nj^Y —> Y , the 
closed inward normal bundle of Y, that in local coordinates takes the form 

k+\a\<m 

if A is given by ()2.3|) . The operator A/\ is c-elliptic if A is. 

We trivialize N+Y as Y'^ = [0, oo) x Y using the defining function x and denote 
the variable in [0, oo) also by x. For simplicity we often write E instead of 7r*(i?|y). 
Let L1{Y^\E) be the L? space with respect to a density of the form ^ ® 7r*Tny 
and the canonically induced Hermitian form on 7r*(_E|y); my is any smooth positive 
density on Y . 

The operator G x-"" THE'^ {Y ■ E) acts on C'^iY'^-E). Just as with A 
there are two canonical extensions to closed densely defined operators on the space 
x~"^^^Ll{Y^; E); naturally, their domains are denoted P^.m!!! and I'A.max- Like 
for A, the space 2?A,max/^A.min is finite dimensional, in fact there is an important 
natural isomorphism 

^ • ^max/^min ^ ^A,inax/^A,min 

discussed below. 

The model operator exhibits a fundamental invariance property with respect to 
the natural M+-action on Y^. Let 

R+3 g^Kg-. x-'''''^Ll(Y''-E) ^ x-"'''^ LI{Y''- E) 

be the one-parameter group of isometrics defined by 

{ng}){x,y)^B"'/^f{BX,y). (2.9) 

This definition, which appears to treat / as a function, has an obvious interpretation 
for sections of 7r*(i?|y) Y^ . Since Aa satisfies 

KgA;, = £)-"AAKe, (2.10) 

the canonical domains 2?A,min and Pa, max are both K-invariant. In particular, k in- 
duces an action on I'A,max/2?A,min, therefore an action on each of the Grassmannian 
manifolds associated with this quotient: 

K : M+ X Grd--(pA,max/2?A,min) ^ Gr^" (^?A,max/2?A,min) ■ (2.11) 
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Also from l|2.10p we get 

Ar. - e™A = - \)k-^ (2.12) 

for every q> Q and A G C. This property is called k- homogeneity, see e.g. [28] . 

As with A, any intermediate space 2?^ with 'D/\^nni\ C Pa C 2?A,max gives rise to 
a closed extension 

Aa,p, : Pa C x-'"'/^Ll{Y'^-E) x'"'/^ LHY"^- E). 

We define the background spectrum and the background resolvent set of A^ as 

bg-spec^A = Pi specylA,i5^, 

I'A,mi„Cl'ACX'A,max 

bg-res Afy ~ C\ bg-spec ^a ■ 

Clearly bg-spec Aa is closed, and using the K-homogeneity one obtains easily that 
bg-res ^A is a union of open sectors. Furthermore, if A G bg-res Aa, then Aa,c — A 
is Fredholm and 

ind(ylA,r'/, ~ A) = ind(AA,min - A) + dimPA/pA,min, 
see [TTl Section 7] . The index is constant on connected components of bg-res A^ . 

Stationary domains and the isomorphism 0. Let 

S = speCfc(A) n {cr e C : -m/2 < 3cr < m/2}. 
For every (Tq G ^ we let f a.o-o be the space of singular functions of the form 

^ = ^""^ J2 ^-o,fc(y) V ^ with c<,„,fc e c°°(r; £;) 

such that AaV' = 0. Since A is assumed to be c-elliptic, S^.a-o is finite dimensional. 
Also, 

Pa 

with the isomorphism given by the map 

A, mill 

(2.13) 

for an arbitrary cut-off function uj £ C^([0, 1)) (a function which equals 1 in a 
neighborhood of the origin) . 

There are analogous spaces C C°° {Y^ ; E) and isomorphism 

Pmax/Pmin ^ C C°°(f ^; i;) (2.14) 

associated with A. The space S^^ is canonically isomorphic to S^.a-o and consist of 
the functions of the form 

5I( £ c,o~^^Ay)\og'' xy^^'^o'^''^ withc,„_,^,fc eC°°(y;i?). 

,9=0 fc=0 

The space and the isomorphism are defined as follows. First, the operator A has a 
Taylor expansion near Y, 



A ^ X ^ ^ Pi/X , 



i'=0 
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where each Pk E DiS]^\Y^;E) has coefficients independent of x. Impficit in this 
expansion is the fact that one made a choice of triviahzation tt : [0, e) x Y ^ Y 
of a collar neighborhood of Y and an isomorphism E = 7r*(£'|Y) near Y. The 
following makes use of these trivializations. Let Pkic) be the conormal symbol 
(indicial family) associated with P^. Define linear operators 

e.o,^ :^A.ao = 0,1,2,... (2.15) 

inductively as follows: 
(*) ^(To,o is the identity map. 

(m) Given ec^.o, • ■ • ,60-0,15-1 for some 1) € N, define ea-„.i}{ip) for tp G ^a,(to to be 
the unique function of the form 

( Coo_„,.fc(2/)log'=:r)a;^(^°-''') 

k=0 

such that 

■& 

fe=l 

is holomorphic at a — (Tq — id, where 

dx 



{ujeao,-9^k{i')) icr) = X "^cjeoo,-^5-/c(V') 



X 



is the Mellin transform of LL!e^g^^^k{'>jj), and Sa-o-i^iujea-g^-ff-k{'>P))^io' + ik) is 
the singular part of its Laurent expansion at cto — I'd- Here, lu G Cj?°(IR.+ ) is 
an arbitrary cut-off function near zero. Observe that the Mellin transform of 
ujQao.-d-kijP) is meromorphic in C with pole only at ao — i{'d — k). 

The map 

60-0,^ : f A,o-o ^ C°°{Y^;E) 
is injective; letting S^^ be its image we get an isomorphism 

The maps 0'^^ together with the isomorphisms (|2.13p and (|2.14p determine an 
isomorphism 

■ ^inax/^min ^ ■^A,max/^A,min 

which in turn establishes a natural correspondence between subspaces of the domain 
and the range. 

Definition 2.16. Let I? be a domain for A. 
(?) The domain V/\ for A/\ defined via 

2?A/2?A,mi„ = 0(2?/Ani„) 

is called the associated domain of V, see |lll I12| . 
(m) The domain P is said to be stationary if its associated domain is K-invariant. 



TRACE EXPANSIONS FOR ELLIPTIC CONE OPERATORS 



9 



It is a quite common assumption in the existing literature that the domain T) 
for A is invariant under the apparently natural action of k on the elements of 
£ = ®o.oei;^<^o (^^^ isomorphism (|2.14p V However, this is an assumption 
that makes sense only when A has coefficients independent of x near Y . In jlHl 
Section 5] we gave a very simple example for which 2?max (or £) is not K-invariant, 
which means that allowing k, to act directly on the domain of A on the manifold M 
is conceptually incorrect (this is so even when discussing general closed extensions 
of A^varpod)- Thc map 9 resolves the issue by expressing the condition in terms of 
domains for A/^^, for which scaling is indeed natural. 

Stationary domains other than 2?niin and 2?max (if these spaces are different) 
do exist in general. For instance, by the results in [16], it is easy to see that the 
Friedrichs extension of any semibounded cone operator is stationary. This applies 
in particular to arbitrary c-Laplacians Ac^. 

More generally, let d = dim(I?A,max/2'A,min) and assume d > 1. Let < d" < 
d, and let G = Grd"(P 

A,max/^A,min) ■ The infinitesimal generator of the action 
(|2.1ip is a real (and real-analytic) vector field T (see [11 J. Since AimQ ^ 0, the 
Euler characteristic of Q is not zero, so T must vanish somewhere. Those points 
in Q where T vanishes correspond in an obvious manner to K-invariant domains 

.mill C Pa C Pa .max- 

3. Structure and expansion of the resolvent 

A cut-off function lo G C^([0, 1)) is a function which equals 1 in a neighborhood 
of the origin. We will consider such a function as a function on both M and F^, 
supported in a collar neighborhood of the boundary Y = dM . We will use the 
notation to indicate that the function ij: equals 1 in a neighborhood of the 

support of the function (/>; in particular, (p^j = Lp. 

Let A be a closed sector in C of thc form 

A = {A e C : A = re*^ for r > 0, \B ~ 6lo| < a] 

for some real 6*0 and a > 0. For i? > we denote 

Afl = {A e A : |A| > R) 

In the following theorem, proved in [121 Section 6] , and in all subsequent sections 
here, we assume that A e a;^™ Diff™(M; E), m> Q,\s c-elliptic with parameter in 
A, that is, 

V(A) - A is invertible on ( =T*Af x A)\0. 

We consider closed extensions Av of A in a;~'"/^L^(M; E) such that A is a sector 
of minimal growth for A/v^u^, where Pa is the associated domain of T). 

Note that, as shown in [TI], if V is stationary, then A is a sector of minimal 
growth for Aa^p^^ if and only if 

A\{0} C bg-res(AA) and ^a,Pa — Aq is invertible for some Aq 6 A\{0}. 

Theorem 3.1. Under the previous assumptions on the symbols of A, we have that 
A is a sector of minimal growth for the extension A-p , and there is R > such that 

[Av - A)"i = B{\) + Gv{X) for every A £ Ar. 

Here B{X) is a certain parametrix of A — X with B{X){A — A)|x'„i„ = 1 for A G A^,, 
and Gt> (A) is a smoothing pseudodifjerential operator of finite rank. 
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The parametrix B{\) is of the form (cf. [121 Section 5]) 

B{X) = ^Q{X)Cji + (1 - c:;)Qi„t(A)(l - Cjq) + G(A) (3.2) 
for some cut-functions lu, ujq, a)i G C^([0, 1)) with ujq Cb ^ lui, where: 
(i) G{X) is a smooth family of smoothing operators that, together with its deriva- 
tives, admits an asymptotic expansion (as |A| — > oo) similar to the expansion 
in Lemma l4?2] 

o 

(ii) (5int(A) is a standard parameter-dependent parametrix of A — A over M; 
{Hi) Q{X) is a Mellin operator defined by 

Q{X)u{x) = — f [ {-Y~^ x'^h{x,a,x'^X)u{x') — da, (3.3) 
2n J J \x'/ x' 

R (0,1) 

for u G C^{{0,1),C°°{Y; E)), where h is an operator-valued parameter- 
dependent Mellin symbol of order — m. What we need to know here is that 
in a local patch C the family h{x, cr. A) can be expressed by a symbol 
p{x,y,'q,X) with {x,y) G 1+ x 1], 77 (ct, ^) £ M x R""!, and A G A, that 
admits an asymptotic expansion 

00 

P '^Pk 

such that for \tj\ + |A|i/™ > 1, 

Pk{x, y, tT], f"A) t~"''~''pk{x, y, i], A) for every t > 1. 

The construction of Gd(A) follows a "reduction to the boundary" approach that 
we proceed to describe briefly. Under our general assumptions, there is an operator 
family K{X) : ^ x-'^^^Ll, with d = - ind Ax)„,„, such that 

((^-A)b_ K{X)): © ^x-'^/'Ll 

is invertible for A G A/? for some R> 0. The inverse can be written as 
((^-A)b.,„ X(A))-=(^j^j), 

where B{X) is the parametrix of A — A on Pmin, and r(A) : a;^™/^L^ has the 

properties listed in Proposition 15.51 If we split V = Pmin ffi £ and write 

^^_A-((A-A)b_ (A-A)l^), 

then 

(^^^^]((A All. M All~l- B{X){A~X)\A 

U(A)j^^ ^ ^^-^^l^)-!, r(A)(A~A)|J' 

so A-p — A is invertible if and only if T{X){A — X) : £ ^ is invertible. 

By construction, T{X){A — A) : Anax(^) ^ C"* vanishes on Pniin(v4), thus it 
induces an operator on the quotient: 

F{X) = [T{X){A - A)] : Anax/Anin ^ C ■ (3.4) 

We denote 

Fv{X) ^ F{X)\v/v^,„. 
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Since £ is isomorphic to 2?/2?niin, we conclude that A-d — A is invertiblc if and only if 
F-d(A) is invertible. The main properties of F(A) are described in Proposition l5.10l 
On the other hand, since B{\){A — A) is the identity on Pmin for A G A/j, the 
operator 1 — B(X){A — A) vanishes on Pmin, and induces a map 

[1 - B{X){A - A)] : I?„,ax/2?mi„ ^ ^-^/^Lg (3.5) 

whose properties are discussed in Proposition 15 . 201 

Finally, with the above components, the family G'u(A) can be written as 

Gv{X) - [1 - B{X){A - X)]Fv{X)-^T(X). (3.6) 

The proof of Theorem 13 . 1 1 relies on an analysis of associated operator families on 
the model cone Y^. These objects on are called wedge symbols. For instance, 
is the wedge symbol of A. The wedge symbols of r(A) and F{X) are given by 

Ta(A) = io(A) and F^{X) = toiX)iA^ - A), 

where to (A) is the principal component in the expansion (|5.7p . 

As mentioned before, the family G'(A) in (|3.2[) has an asymptotic expansion in 
A similar to the one in Lemma |4.2| let Ga(A) be the principal component of that 
expansion. If we replace h{x,a,x™X) by h{0,(j,x"''X) in p.3p and denote the new 
operator by Qo{X), then the operator family defined by 

Sa(A)-Qo(A) + Ga(A) 

is the wedge symbol of B{X). 

Since the wedge symbols 7a (A), -Fa (A), and -Ba(A) are related to ^a.Ua — A in the 
same way how T(A), F{X), and B(X) are related to A-p — A, we see that ^a.Pa ^ ^ 
is invertible if and only if -FX (A) : I'A/I^A.min ^ C'' is invertible. 

Our main asymptotics result is the following. The details of the proof will be 
worked out in the next two sections. 

Theorem 3.7. Let A and A be as in Theorem \3.1[ and let V he stationary. If £ e N 
is such that mi > n, then (Aj) — A)^^ is a smooth family of trace class operators in 
x-"^/'^Ll{M;E), and for any (p G C°°{AF,End(E)), we have 

00 nij 

Tr(<^(^p-A)-^) ^^^a,fe(A)|A|^-^log''MA| as |A| ^ 00, 

3=0 k=0 

where X =^ A/|A| and ajk G C°°{S^ D A). The numbers rrij vanish for j < n, and 
m„ < 1. In general, the ajk depend on tp, A, T>, and £, but the coefficients ajk for 
j < n and a„.i do not depend on T>. If both A and f have coefficients independent 
of x near dM , then ruj = for all j > n. 

Remark 3.8. The above asymptotic expansion is indeed equivalent to the expan- 
sion stated in Theorem 11.11 due to the analyticity of the components which follows 
from the analyticity of the resolvent. 

Proof. For ^ € N we have 

(Ar^-xy'^j^driAv-x)-' 
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with B{X) and G'x)(A) as in Theorem 13.11 Thus the statements of the theorem 
foUow from Theorem 14.41 and CoroUary 15.41 □ 

Remark 3.9. With the same arguments as for the stationary case, if T) is nonsta- 
tionary, we still obtain the partial expansion 

ri-l 

TT{ip{AT, - Xy') - ^a^A"^-^ + a„A-^logA + 0(|ArO as |A| ^ oo. 

j=o 

As mentioned in the introduction, the full expansion for the general case (discussed 
in [14p is more involved and requires a deeper understanding of Gx>(A). 

4. Asymptotic expansion of the 2?niin contribution 

We start by introducing certain weighted Sobolev spaces over M and (defined 
by means of the natural spaces introduced in Section [2|) on which the operators 
A and act continuously. 

For a nonnegative integer s we define 

Hl{M-E) = {li e Ll{M-E) : Pu e LI{M;E) VP £ Diff^(A^; £;)}. 

As usual, for a general s G M, the spaces are defined by interpolation and duality. 
For a > P and s > t, we have x°'H^{M]E) ^ xl^Hl{M;E). If a > /3, this 
embedding is compact when s > t and trace class when s > t + n. 

We let H^^^^{Y^; E) be the space consisting of distributions u such that given 
any coordinate patch U C Y diffeomorphic to an open subset of the sphere S*""^, 
and given any pair of nonnegative functions G C^{Q) and uj G C^(R) with 
u;{r) = 1 near r = 0, we have {l — u))(j)u G i/''(R"; i?) where IR+ x S^^^ is identified 
with R"\{0} via polar coordinates. 

For s, a, (5 G K we define 

ICr{Y'^;E) = u;x"H§{Y^;E) + (1 - u;)x^-' H!,,,{Y^- E) 
for any cut-off function lo. li 5 ^ 0, we will omit it from the notation. Note that 
i/°„„o(^'';-E) = a;~"/2Lg(r^;£;) and /C°'-"/2(yA. ^) ^ ^-m/2^2(yA. 

For a > /3, (5 > 7, and s>t,we have IC^'" {Y""; E) ^ K.i^'^{Y''; E). If a > /3, this 
embedding is compact when s > t and (5 > 7, and it is trace class when s > t + n 
and (5 > 7 + 71. 

We proceed with some lemmas about the asymptotic properties of the parametrix 
B{X) in p.2p . Their proofs rely on the construction of B{X) combined with standard 
arguments from Schulze's edge theory. 

Lemma 4.1. Let if G C°°{M;End{E)) and let ujq, uji G C^{[Q,1)) be cut-off 
functions such that loo -< lji. Then 

ujQipB{X){\ ~ uji) and (1 — uji)ipB{X)ujQ 

are both elements of S^{A,£^{x-'^/'^H§,x-"'/'^Hl)) for every s,t G M. 

Lemma 4.2. Let G C°° {M;End{E)) and let G C^{[0,1)) be arbitrary 

cut-off functions. Fori G N, the family Q{X) = (p{d{^^ B{X))uji{x\X\^/"') has the 
following properties: 
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(i) For every s G R anrf i? > 1, (1 - w)Q(A) E ,9'{Kr,1^{x-"^/'^HI)) and 
wQ(A) e C°°(A,^(/C'''-'"/2^/C|+™^'^"/^+")) for all 5 EM. and some e > 0; 
in addition, with q{X) = wQ(A), 
(ii) for every a, (3 eNq we have 

with fi = —mi; 

{iii) there are E C°°(A\{0}, ^(/C^^-'"/2, /Cf"^^^"/'+')), j E No, wtth 
qj{Q^\) = Q^"''^^Kgqj{\)n-^ for every £»> 0, 
such that for every N E^, the difference 

9(A) ~ J2 

satisfies (j4.3p with fi = —m£ — N. The leading term of the expansion is given 
by qo(A) — (po(^d^^^B^{X)^u!i{x\X\^^"^) , where Bf^{X) is the wedge symbol of 
B{X) and ipQ — 7r^((y9|y) with 7r+ : Y. 

Theorem 4.4. Let ip E {M;End{E)) and let B{X) be as in If mi > n, 

then ipd^~^B{X) is of trace class in and 

Tr(^a^ii?(A)) ^^^/3,fe(A)|A|^-^log'=|A| as |A| ^ oo, 

where X = A/|A| and fijk E C°°{S^ fl A). Here ruj = for j < n, and ruj < 1 for 
all j >n. If A and ip have coefficients independent of x near dM, then 

oc 

Tr(^a,^-iB(A)) ^^/3,,o(A)|A|"^-^ + /3„,i(A)|ArMog|A|. 

3=0 

Proof Let P(A) = ipd^~^B{X). This operator is bounded from x-™'/'^Ll{M- E) to 
3,-m/2+£j^m£(j\^. foj. goj^g e > 0, so it is trace class in x'"'/'^ Ll{M; E) since the 
embedding 2;-™/2+£^m^ ^ ^-m/2j^2 lY&ce class when > dimM. 

Choose cut-off functions uj,ujo,uji E C^([0, 1)) such that ujq ^ u; ^ cui, and 
rewrite 

P(A) = cjP(A) + (1 - tj)F(A) 

= ujP{X)lui + ujP{X){1 - oji) + (f - u)P{X)uJo + (1 - cc))P(A)(f - ljq). 
Then, by Lemma l4Tl 

P(A) = ujP{X)uji + (1 - w)P(A)(l - uo) 

modulo an element in f]^^^^T^S^{A,£'^{x-"'/^H§,x'''''/^Hl)). 

Let Pint (A) = (1 — w)P(A)(l — wq). This is a standard parameter-dependent 
family of trace class operators over the interior of M, and it is well-known that 

oo 

TrPi„t(A)^^/3,(A)|A|^-^ 

i=o 

with coefficients Pj E C°°iS^ n A), see e.g. [111 [18]. 



= 0(|A|"-"-^) as \X\ ^ oo, (4.3) 



14 JUAN B. GIL, THOMAS KRAINER, AND GERARDO A. MENDOZA 

Let g = |A|i/™ > 1 and split 

ujP{X)uji = wP(A)(l - uj{xg))uji + ujP{X)uj{xg)uji. (4.5) 
Let q{X) = ujP{X)uj{xg)uji ~ ujP{X)uj{xg). For N E N we use Lemma l42l to write 

9(A) = ^jW + mW- 

Since mi > n, all components of q{X) are trace class, and since the remainder 
Q[N]W satisfies (|4.3p with a = f3 = and fi = —m£ — N for every s S M, we get 

TTq[r,]iX) = Tr{K-'q[N]{XK) =Oi\X\-^-') as |A| ^ oo. 

On the other hand, since qj{X) — qj[g"^X) — g^"^'^^^ Kgqj{X)K~^ , we get 

Trg,(A) = g-"^'-^ Tr (A)«;i) - g-"^'-^ Trg,(A), 

and thus 

Tt {u;P{XMxg)) =Ti-q{X) = P-Cmr--' + Oi\X\-^~') 

j=o 

with/?j(A) =Trgj(A). 

In view of (j3.3p . if we choose w ^ a; and wi then the first component of 

the right-hand side of equation (|4.5p becomes 

cc;F(A)(l - cj(a;|A|i/™))cJi = Piog(A) + wg(A)oji, 

where 

Piog(A)=w^(a/-iQ(A))(l-w(x|A|i/'"))c^i 

and g{X) is a Green remainder with an expansion in A similar to the one for q{X). 
In fact, 

oo 

TT{cugiX)u;^)^Y.f^jCm"--' 

3=0 

with coefficients P'J e C°°{S^ H A). 

It remains to expand TrPiog(A). First of all, observe that the family (pd^~^Q{X) 
is of the form (jS.Sp with x"^h{x, a, x"^ X) replaced by x"^^h^^^{x,a,x'^X), where 

h'^^\x,a,X) ^ ip{x){d^-^h){x,a,X) G ^"'"^''''"^(y; M x A)). 

By means of a Taylor expansion at x = 0, we can write 

,X) ^ Y ^^^3 (f^' A) + a;^/i[jv] (x, a, A) 
and obtain a decomposition 

Fiog(A) ^u;[Y + Q[^](A)) (1 - cj{x\X\'/n)^i, 

3=0 
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where Qj{\) and Q[Ar](A) are of the form p.3p with x™h{x,(T,x™X) replaced by 

x™-^+3hj{(T,x"^X) and a;™^+^/i[7v] (a;, tr, x'"A), respectively. This induces a decom- 
position of the trace 

Af-l 

TrPiog(A)= 5]r,(A)+r[^.](A) (4.6) 
with the obvious meaning of notation. For every j < TV, 

TjW^ f r x^'+^uj{x){\-uj{x\\\"n)k,{y,x^\)'^dy, (4.7) 



Y Jo 



X 



where kj{y, A) is locally given by 

kj{y,X) = / p{y,r],X)dr] (4.8) 



for some parameter-dependent classical symbol p{y,ri,X) of order —ml. Here we 
use the notation r/ = (cr, ^) G M x R""-'^ and c&y = (2^).i drj. 

To simplify the notation, and without loss of generality, we assume uj{x) = 1 for 
< X < 1 and uj{x) = for x > 2. In particular, 1 — uj{xg) = for < x < i. 



Fix j and let 



s{y,X) = I x"^'+^u;{x){l-u;{xg))k,{y,x^X)^ 
x"'^+^Lo{x){l - uj{xg))kj{y,x"'X)—. 

l/g X 



J-1 



For J e N we expand 

where is a symbol of order —mi — J, and for \ri\ + |A|^/™ > 1, 
Pfc(y,t77,i™A) = t-'^'-''pk{y,trj,t"'X) for every t > 1. 

By (|4.8p this expansion induces a decomposition s(j/. A) = so(?/. A) + • • • + S[j] (y. A). 
We will obtain an expansion in A of Tj(A) through an expansion in A of every 
component of s{y, A). Most of the computations are done locally over a patch fl of 
Y and put together by means of a partition of unity. 

Let A = 1^ and let fc^jj {y, A) be the function locally defined by J p^jj {y, rj, A) drj. 
Then 

5[^](y,A)= / x"^'+^u;ix){l-u;{xg))k[j]{y,{xgrX) — 

Jl/g X 

r°° - Hx 

= g-''''~' x"^+-'a,(x/e)(l - c.(x))fc[,,](y,x™A) ^. 

If we write Ld{x) = 1 + (x) and choose J = N + \, then 

dx 

X 

dx 
x 



/•oo 

+ e-"'^"^ / x"^+^C.[Ar,,](x/g)(l -c.(x))fc[,,](y,x"A) — , 
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and the last integral converges uniformly in g. Thus 

A) = a{y, + 0{\Xr^-') (4.9) 

with a{y, A) depending on j, and J. 

We now proceed to expand Sk{y^ A) for < fc < J . We assume q'>2 and write 



Sk{y, A) = r - Lu{xe)) ( f pk{y, v, [xQ^'X) dri] 

Jl/n \JR" / 



dx 

X 



1/e 

The change rj — > {xg)ri and the homogeneity oi pk (with t = xg > 1) give 

dx 

-'-ujixjiL-ujixgjjl I pk[y,r],A)c['i]] 



Sk{y,X) = j?-'"^-'=+"^Ja;^-^+"u;(x)(l -c.(a;e)) (^J pk{y,v,X)drj^ ^ 
- (^J Pk{y, V, A) rfr/) x^-'^-+"c.(x)(l - u;{xg)) 



Since 



j_k+n , N/1 / ^^dx } Ci + C2 g " U k ^ j + 71, 

X-' uj{x){l — ujyxg)) — = 



li/g X [loge ifk=j + n, 

for some constants ci , C2 G M, we get 

s,(y, A) = a{y, A)|A|^-^ + a'(y, A)|Ar^'^ + a"{y, X)\X\-^-' log |A| (4.10) 

with functions a, a', a" G C°°(ilx (S'^flA)) that depend on and /c. In particular, 
a(y, A) = for k < n, and 

a"(y,A) = 

Similar to (14.71). we have 



Jr^ Pk (y, ?7, A) (Sy if fc = j + n, 
if fc ^ j + n. 



r[N]{X)^ / x"^+^c.(a;)(l-c.(a;e))fc^(x,y,a;"A)— dy, 
where k]^(x,y, A) is locally given by 

kN{x,y,X)^ q{x,y,Tj,X)dr] 
for some parameter-dependent classical symbol q{x,y,ri, X) of order ~m£. Let 
ijv(2/, A) = r x"''+^u;{x){l - u:{xg)) ( [ q{x, y, r;, x"A) dr^ 



dx 

X 



We let J = N + I and expand g in homogeneous components with a remainder of 
order —m£— J. This gives a decomposition iAr(?;, A) = tN,o{y, A) + • • • + %.[,/](?;, A). 
First, we examine tAr.[j]. With the change of variables x — > x/g, we get 



dx 
x 



t^.[J](y,A) = g-^''^l\^'+^{l-u;{x)) (^j ..(f )?[,;] (|, y, ry, A) dr;) 

and the integral converges uniformly in g. Thus 

tN,[j]{y,X)^0{\X\-^^-') aslAHoo. (4.11) 
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For < fc < J we have 

' x™^+^c.(x)(l - Luixg))ixg)-"^'-''+- (^^^ y, r,, A) drj^ ^ 
using the change of variables rj —>■ {xg)ri and the homogeneity of qk- Thus, 
i^^,(y,A) = r x^'-'^+'^Luix) ( I qkix,y,r,,X)dv) — 



^''u{xMxg){xg)-^'-'^+- qk{x,y,rj,X)drj]^. 
Now, with the change of variables x — )■ x/ g, the last integral becomes 



and the integral converges uniformly in g. In conclusion, 

i^,fc(y,A) = a(2;,A)|A|^-^ + O(|Ar^-0 (4.12) 

with a{y, A) = x^-f^+^ujix) (/ <7fe(x, r;. A) ^77) ^- 

Finally, integrating over Y the expressions in (|4.9p , (|4.10p , (|4.1ip , and (|4.12p , we 
arrive at the expansion 

oc 00 

TrP,og(A)~^7.(A)|A|^-^ + ^7;(A)|Ar^-^log|A| 

with coefficients 7^,7^ G C°°(S'i n A). 

If A and (/j have coefficients independent of x near dM, then so does the Mellin 
symbol h'^^^x, cr. A) of (fd^~^B{X) and there is no need for a Taylor expansion. In 
other words, TrPiog(A) = to (A) in (|4.6p . In this case, (|4.10p becomes 

^..(y. A) = A)|A|^-^ + a'(y, A)|Ar^ + ^"(y, A)|Ar^ log |A| 
with a{y, A) = for k < n, and 

7;: lR^Pk{y^V, 'X)dr] ifA: = n, 
if fc / n. 

Consequently, there is only one log term in the expansion of TrP(A). □ 

5. Asymptotic expansion of the finite rank contribution 

We let A be a cone differential operator of order m that satisfies all the ellipticity 
conditions outlined at the beginning of Section [3l In addition, let V be stationary. 

In this section, we discuss the structure and asymptotic properties of the family 
Gj}{X) described in p.6p . Our analysis leads to a full asymptotic expansion of 
TrG'i5(A) as |A| 00. For simplicity, let Ll = Ll{M;E) and L^^ = Ll{Y^;E). 

Theorem 5.1. Let ip e C°°{M;End{E)) and let R > be such that Gv{X) exists 
for every X G A^. Let lo,lo £ C^([0, 1)) he arbitrary cut-off functions. Then: 
[i) The families {I ~Lo)ipGv{X) and (pGx)(A)(l - w) are in .y{ARj^(x-"'/'^ Ll)) , 
and uj^Gv{X)Co e G°°iAR,e\x-"'^^Ll ^)); 



a"{y,X) 
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in addition, with g{\) ~ LUipGT<{X)i^ , 
(ii) for every a, /3 G Nq we have 

with fi — — to; 

(Hi) for every j G Nq there exist mj £ Nq and g-jk e C'°°(A\{0}, ^)), 
fc = 0, . . . , rrij, with 

9jk{g"'>^) = Q~'^~^ ngg.jk{\)K~^ for every £> > 0, 
such that for every G N, the difference 

ffW-EE^^fcWiog'i^i (5-3) 

j=0 fe=0 

satisfies (j5.2p with fi = —to — N + e for any e > 0. Here toq = 0, and 

goo(A) - ^o[l - B4X){A^ - A)]0 0oo(A)to(A) 

with io(A) as m (|5.7p anc? 0oo(A) as m (|5.19p . //A /las coefficients indepen- 
dent of X near dM , then mj = for all j. 

Corollary 5.4. For R > sufficiently large and (p E C°°{M ; End(E)), the operator 
family lpGd{^) is a smooth family of trace class operators in a;^™/^L^ for A G A/?. 
We have an asymptotic expansion 

oo raj 

Tr(^Gc(A)) ^ 5]5^7,fc(A)|Art^-i log^' \\\ as |A| ^ ^, 

w/iere A = A/|A|, 7^7^ G C°°{S^ n A), and toq = 0. This expansion can he differen- 
tiated formally to obtain expansions 0/ Tr((p9"(3^G£i(A)) for any a,P £ Nq. If A 
has coefficients independent of x near dM, then mj = for all j. 

Proof. For cut-ofF functions uj,oj £ C^{[0, 1)) write 

ipGoW = ^^GdWOj + (1 - w)v3G'r,(A) + w(pGd(A)(1 - Cj). 

Both (1 —uj)ifGD{^) and llhpGd{^){^ — uj) are smooth and rapidly decreasing (with 
all derivatives) taking values in the trace class operators. Hence they are both 
negligible. Moreover, g{\) = ojipGdW^ is smooth taking values in the trace class 
operators, and we have 

00 nij 

Tr5(A) Tr(5,fc(A)) V |A| as |A| ^ 00, 

j=0 k=0 

with the gjk{^) as in (|5.3p . Since 

9jkW = 5jfe(|A|A) = |Ar-"V|;,|i/™gjfc(A)K^|i/„ for |A| > 0, 

we get Tr(g,fe(A)) = Tr(5,fc(A))|A|-t^-i. We let jjkW = Tr(5,fc(A)). 

It is clear that the above asymptotic expansion can be differentiated formally. In 
fact, by Theorem 15. II and because of the trace property, we have that Tr((^GD(A)) 
is a scalar log-polyhomogeneous symbol in the sector A^. The claimed asymptotic 
expansion is thus an asymptotic expansion of symbols in A^j. □ 



^=0(|A|™-"-^) as lAl^oo, (5.2) 
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The proof of Theorem 15.11 follows from structm'al results that we will present in 
the next set of propositions. We let i? > be as in Theorem 13. II 

The first proposition is a direct consequence of the parametrix construction for 
Ax> — A given in [12, Section 5]. 

Proposition 5.5. Letcu e C^([0, 1)) be an arbitrary cut- off function. The operator 
family T{X) has the following properties: 

(i) For every s e M. we have T{X){1 - G y{Aii,^{x~'"'/^H§,C'^)) and 
T{X)lu e C°°(Afl,,^(/C'*'-™/2^C'*)). 

in addition, with t{X) — T{X)lo, 
(ii) for every a, /3 £ Nq we have 

(a^aft(A))«;|;,|v™|| =0(|A|^-"-^) as \X\^oo, (5.6) 

with fj, = — to; 

(m) there are tj e C°°(A\{0}, ^(/C''^-"'/^, C'')), j G No, with 
tjig^'^X) ^ g-"'-Hj{X)K-^ for every g>0, 
such that for every N izN, the difference 

N-l 

t{X)-J2t,W (5-7) 

j=o 

satisfies (j5.6p with fi — — m — N . 

Before we discuss the properties of the family F{X) introduced in p.4p . we need 
to make some identifications and introduce some notation. 

Recall that E is the subset of the boundary spectrum given by 

E = speCf,(A) n {cr G C : -m/2 < Scr < to/2}. 

For every cto G the space f a.o-q consists of singular functions of the form 



c-o,fc(2/) V X with c,„,fc G C°°{Y; E), 



X 

such that 

This identification is given by the map 

u ^ {uju + Pa,!!!!!!) : £a .max ^Pa ,max/^A,min 

for an arbitrary cut-off function cj G C^([0, 1)). Without change of notation, we 
will identify maps on/to I'A,max/2'A,min with maps on/to ^A.max- 
For ^ G No and u G £a,(to l^t Oj"^ be defined by 

where 

J^^^^ = {fc G N : ScTo - fc > -m/2 - £}, 
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and the eao,k are the operators defined in (|2.15p . The map 6^^ extends to £/ 
in the obvious way. If we define 

we can then identify X'max/^'min with Smlx via the commutative diagram 

fmax = ^max/2-'min 



^A,max — ■^A,inax/-^A,min 

which gives the map 

U 1-^ {UJU + Vmin) ■ SjnL ^ ^'max/^^min 

for an arbitrary cut-off function oj G C^([0, 1)). 
For (To G S, G N, and p > let 

dcTo-.-aig) = g^Kg^eao.,i} Kg : S^^^o ^ C'^iY^;E), 

and let 

^(Tq ^ (^A,o"o) C ^max /"^-^min ■ 

For u G £cto and a fixed cut-off function ujq, let 



These operators extend to 



^max/^min ^o^o 



and take values in C°°{Y^; E). However, for p > 1, we will rather consider 

Kf(£') : Pmax/Anin 

This is possible because of Wq. Moreover, observe that 

= KgOu + ^ Co-o,,? HgOu 

= ej\Kg6u). 

The map K£(p) is a lift of the action 

Kg — KgO . ^niax/^inin ^ ■^max/^min 

in the sense that the diagram 
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■^max/-^: 




commutes, where q : 2?max Anax/^min is the quotient map. 

Proposition 5.10. The family F{X) ~ [T{X){A — A)] has the following properties: 
(i) F{X) e C°°(Afl,,if(P,„ax/Anin,C'')) and for every a,/3 G Nq we have 



(a,"9ff^(A))«|,|v.. =0(|A|^-"-^) as |AH«), 



(5.11) 



with fi — 0; 

(m) for allj G No there exist nj e Nq and fjk e C°°(A\{0},^(2?max/Anin, C'')), 
k = 0, . . . ,nj, with 

fjkig'^X) = g^^ fjk{X)iig^ for every g > 0, 
such that for every iV G N, the difference 

N-l 'ij 
j=0 k=0 

satisfies (|5.1ip with /i = —N + e for any e > 0. Here uq = 0, and 

/oo(A) =to(A)(AA -A)0 

with to{X) as in (|5.7p . If A has coefficients independent of x near DM, then 
Uj = for all j . 

Proof. For A G A/? let A = A/|A|. As a first step, we will show the existence of 
functions Cjk e C°°(5i n A, if (Anax/Anin, C'*)) such that 

oo rij 

F(A)«|,|v„ ~ to{X){A^ -X)e + Y, |Ar^'/'" J2 log" 1^1- 

j=l k=0 

This asymptotic expansion will directly lead to the claimed properties of F(X) with 
coefficients fjk defined by 

f,k{X) = |Ar^/'"Qfe(A)«p4,/,„ for A G A\{0}. 

Observe that, since F{X) is tempered, it suffices to check (|5.1ip only for a = /? = 0. 
Also, since 2?max/Anin = ©ctoge^'^oi i^ i^ sufficient to expand the restriction of 
F(A)K|;)^|i/m to Sa-Q for every ctq G S. 

Let e = |A|i/™, ^ G N, (To G S, and write 

F(A);i, = T{X){A - A)K,(g) : ^ C^. 

We start by expanding the operator family 

K-\A - X)Ke{g) = k-^Ak^luoL^P - Xuj^hf . 
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In [12} Lemma 6.18] we proved that for every d G Ja-o,o and 'ip G £a,ijo there is 
a polynomial q§{y,\ogx,\og g) in (log a;, fog p) with coefficients in C°°{Y;E) such 
that 

e.o,^(^')W = 'z>?(y,logx,log^,)x*('^°-^''). 

o 

In fact, there are operators Cao,i),k £ a,cto, C°°(y^; and £ N, such that 

e<To, !?(£') = X! C'^o,i?,fc log'' Q (5-13) 

fc=0 

for every € Jaa.i- Therefore, on Sa-oj 

Awoif,^) ^^^"(A^o^+ ^ f?-''^(W.oAfc^)log'>). (5.14) 
We split (near the boundary) 

1^=0 

where £ Dm^{V;E), and where each G Diff^' (F ^ ; iJ) has coefficients 
independent of x. In particular, K~^P^x'^Kg — g^'^P^^x'^, so 

Now, as in the proof of 12, Lemma 6.20], one can show that the family of opera- 
tors K-^PiKgUJoLf'^ is 0(1) in ^{£„„,x-'''^^Ll) as £1 — > oo. Therefore, modulo a 
remainder that is o{g^^) as g oo, we have 

i+m 
i/=0 

Because of (O^ and (Oil) , there are L'jTc £ C°°(5'i n A,^(4o,'*C°°^""/^)) and 
rij £ No such that 

/t-i(A - A)K,(e) = ^>™((AA - \)u^oe + ^ £<-^- ^ Djk{\) fog' IA|) (5.15) 

modulo o{g~^) as g — > cx). The functions Djk are independent of the given £. 

To complete the expansion of F{X)kg, let lo be an arbitrary cut-off function and 
let t{\) — T{X)uj. Since T(A)(1 — uj) is rapidly decreasing as |A| oo, for every 
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(5.16) 



iV e N we have 

r(A)(A - X)Ke{g) = t(A)(A - X)Ke{g) + o{q-^) 

as p ^ oo. Now, by Proposition [531 ^{^)f^Q admits an asymptotic expansion 

oo oo 

j=o j=0 

This expansion, combined with (|5.15p and (|5.16p for £ sufficiently large, gives the 
desired expansion of F(X)ii^x\'^/"^- Observe that, on 2?max/2?min, 

to(A)(^A - >^)^oO = to{X)iA^ - X)e, 

and therefore /00(A) to{X){A^ - >^Wfig^ = tQ{X){A^ - X)0. 

If A has coefficients independent of x near dM , then ecr„,k ~ for every ctq and 
all fc e N, 9^^ and L^g'' are the identity map, and 'Ki{g)u = KgUjQU. Thus 

K-^(A-X)Ke{g) = g^'iA^ -X)luo 

as opposed to (|5.15p . Consequently, the expansion of F{X) given in (|5.12|1 has no 
log terms in this case. In other words, rij = for all j. □ 

The following proposition gives the existence and structure of Fi:>{X)~^ under 
the assumption that T) is stationary. The nonstationary case will be treated in [14] . 

Proposition 5.17. Under our general assumptions, there exists R > such that 
F-r>{X) — i^(A)|D/D^^.^ is invertible for all X £ Aj^. The family F-plX)^^ has the 
following properties: 

(i) FviX)-^ e C°°(A7j;^(C'',2?,„ax/^?min)) and for every a,/3 S No we have 

k-^],,,^d'^d?Fv{X)-^ =0(|A|™-"-'^) as |A| 00, (5.18) 
with fi = 0: 

(a) for all j e No there exist mj G No and cjjjk e C°°(A\{0}, if(C'^, X>niax/2^min)), 
k — 0, . . . , rrij, with 

(j)jk{g"^X) = g^^kg4>jk{X) for every g> 0, 

such that for every iV £ N, the difference 

i^p(A)-i-^^</.,,(A)log'=|A| (5.19) 

j=0 k=0 

satisfies (jS.lSp with ji = —N + e for any e > 0. Here mg = 0, and 

000(A) = {foa{X)\t)/v^iJ ^ 

with /00(A) as in (|5.12p . If A has coefficients independent of x neardM, then 
mj — for all j . 

Proof. As explained in Section[31 the invertibility of v4a,Ua ~ A is equivalent to the 
invertibility of -F'a(A) on I?A/Z^A,min- Thus the restriction of /00(A) = F/^{X)9 to 
'D/V^in is invertible. Let 4>qq = {fmW\v/v^,i,,) ^ and let 
$(A) = F(A)</)oo(A) = Fi,(A)</.oo(A). 
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By Proposition 15. 10], the family Ft>{X) admits the asymptotic expansion 
FvW ^ /oo(A)|i,/i,_ + EE /^■fe(^)l^/^n.„ log' |A| 

j=l k=0 

in the sense that for every iV G N, the difference (|5.12p satisfies the estimate (jS.lip 
with /i = + e for any e > 0. 

Now, \i Q — |A|^/™ and A = A/|A|, the K-homogeneity of fju implies 

/,;.(A)-/,;.(e"A)-^;-^/,,(A)/i-i. 

Moreover, since V is stationary and /oo is K-homogeneous, we also have 

Thus /,fe(A)0oo(A) = |A|-J/"/jfe(A)0oo(A), and so 

oo rij 

$(A) ~ l + E|Ar^/"E/^-fcW'^oo(A)log^|A|. 

j=l k=0 

Hence there exist rrij G Nq, rrij < nj, and Djk : Ci A ^ ^(C*, Anax/Anin), 
fc = 0, . . . , ruj , such that 

<i>(A)-i ~ 1 + E i^r'^" E 1^1- 

Since i^i7(A)-i = 0oo(A)«'(A)-i, we define 

0,fe(A) = \X\-'/"'M\)D,k{X) for J e N and fc e {0, . . . ,m,}. 
These functions are K-homogeneous of order —j and 

oo rrij 

FvW-' 000 (A) + E E log' 1^1 

in the sense that, for every N ^ N, the difference (|5.19p satisfies (|5.18p for a = f3 — 
with /i = —TV + e for any e > 0. The corresponding estimates for a, f3 G N follow 
immediately. Observe that if rij = for all j, then nij — for all j. □ 

Proposition 5.20. Let (f e C°° {M:End{E)) and let uj e {[0,1)) be an arbitrary 
cut- ojf function. The family P{X) ~ ip[l — B{X){A — A)], interpreted as in p.Sp . 
has the following properties: 

(i) For every s E R we have (1 - cj)P(A) E y{AR,.Sf{V^^^/Vnun,x-"^/'^H^)) 
and ujP{X) E {Kr, J^{V^^JV^,,-,,K''-^'^)); 
in addition, with p{X) = ujP[X), 
(m) for every a, /3 G No we have 

P(A))^|A|v-.|| = 0(|A|^-"-'^) as |A| ^ oo, (5.21) 
with fi = 0; 

(Hi) for every j E No there are mj E No and operator-valued functions pjk E 

C°°(A\{0},^(P„,ax/2?min,/C^^-"/')), k^O,...,mj, With 

Pjk{g"'X) = g^^ KgPjk{X)kg^ for every g > 0, 
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such that for every G N, the difference 

N-l rrij 

?'(^)-EEP^'^(^)l°g'l^l (5.22) 

j=0 k=0 

satisfies (j5.2ip with fi ~ —N + s for any e > 0. Here mo — and 

Poo(A)=^o[1-Sa(A)(A^-A)]0. 

// A has coefficients independent of x near dM , then nij — for all j . 

Proof. Let loq and wi be cut-off functions such that loq < toi ~< uj. Since the 
operator (1 — B{X){A — A)) vanishes on I?„iin for A € A^, and since A is local, we 
have 

(1 - uj)ip{l - B{X){A - A)) = (1 - uj)(p{l ~ B{X){A - X))ujo 

^~^[{l-uj)B{X)uji]{A-X)ujo. 

The fact that (1 - uj)B{X)u;i belongs to .y{A!i,.^{x^"'^^Ll,x-"'/^H^)) for every 
s € M implies the claimed decay of (1 — uj)P{X) as |A| oo. 

Let g = \X\^^"^, i gN, and assume g > 1. As in the proof of Proposition lS.lOl we 
can use the lift 'Ki{g) = KgLj^L'^p, see (|5.8p . and write 

p{X)k, = - B{X){A - A))K,(e) : Anax/Anin "> /C^' ^ . 

Then, since (1 — = 0, we have 

K~^p{X)kg = K'g^ujipKt{g) - K~'^u}ipB{X){A ~ X)'Ki{g) 

= K~g^[LLiipuJii{xg)\HigL^p - n'g'^[ujipB{X)uJi[xg)\KgK'g^{A - A)K^(e). 

Setting go(A) = wo(a;|A|i/™) and 91(A) = ujipB{X)uji(x\X\^/"^), we get 

n-^p{X)kg = («;igo(A)«,)LW - {n-^q^{X)Kg)K-\A - X)Mq)- 

We start by expanding qa{X). Since (1 — Ljj)Lj{){xg) = for £i > 1, we have 

go(A) = w^cc>o(x|A|i/™) = ^cc>o(a;|A|i/™). 

Without loss of generality we can assume ip to be supported in a collar neighborhood 
of 5M = r and consider it a function in C°°([0, 1), C°°(r; End(i;|y))). Thus it 
has a Taylor expansion 

C30 

^ ^^ip^{y)x'' 

with ipi, G C°°(F; End(i?|y)). Since ip^{y)x'^ — g^"^ Kgip^{y)x'^ Kg^ , we get 

C30 

Kg'^qo{X)Kg - ^ g'^ipi^x^ujo. (5.23) 

On the other hand, 

00 

gi(A)~^(7i,,(A) 
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in the sense of LemmalOl In particular, qi.j e C°°(A\{0}, ^^(/C'*'"'"/^)) for j e No, 
and gij(£i™A) = Q^"^^-' Hg Qi.jWug^ for every g> 0. Therefore, 

oo 

j=o 

with gi,o(A) = (/3o-Ba(A)wi(x). This, together with fETC)) . and ([gH)) (with- 

out Awq), leads to the expansion (j5.22p . Observe that, on X',„ax/2'minj 

(^0(1 - B^{X){A^ - X))ujo9 = (^0(1 - B^{X)iA^ - A))0, 

and therefore, the principal component poo(A) is as claimed. 

For the same reasons as in the proof of Proposition I5.10i if A has coefficients 
independent of x near dM, there are no log terms in the expansion of p{X). □ 
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